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Answer questions 1,2,3 and 3 further questions,
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Statc a version of the Syvlow Theoroms.

Show that a group of order py, where p o and g are primes,
cannot hf simple.  Determine when such o group is necessarily
abelian,

Let G be the group of invertible 3x3 matrices over the ficld
F_of p elements, p prime. Determine the ordef of G and

I?

hence or otherwisce find a Sylow p-subgroup of .

Let R he o commutative ring with 1. Show that every maximal
ldeal ot R is prime and that the converse holds if R is finite.
I‘.x'mfc thiat every pri néi;ml ideal domain is a unique factorization
domain.

Show that 2[i] is a unique factorization domain.

_. . . Y ] . . . . R )
Let  £(X) = L d, where poo1s prime, be arreducible in QX].

Prove that the Galois group of f(X) over @ is isomorphic to

the group of transformations of 2/(p) of the form z » kz + [

where M,C o 2Z/(p) and K £ 0.
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et V be a left vector space over the shewfield K oand W oo
left vector space over the skewfield F. Supposc that dimension
of V over K is 3 and the dimension of W over [ 15 ).

Suppose also that there s an isomorphism -of the projective planc

P(V) onto the projective planc P(K). Prove that F and K are

isomorphic and that the isomorphism from P(V}) onto P(W) 1is

induced by a scemilincar transformation from V. onto W,

(a) Suppose a 15 a (A,L)-perspectivity and £ 1s a (R,L)-

perspectivity.  Suppuse also that o and B arc non-trivial
and that A £ B. Prove that aff  is o non-trivial (C,&)-
perspectivity where C # A and C £ B

(b} Let P be a projective plance and let T be any collincation
group of P. Supposc that Fi”.f' is non-trivial for two
distinct choices of I on é.

rove that T is abelign and all its non-identity clements
(£,£) '*

have the same order (either a prime or infinite).

b

A subgroup Il of a group G is said to be a fully invariant subgroup

of ¢ if every endomorphism of G maps Il into itsclf.

(1) Let N< G and et H be a Fully iavariant subgroup of N,
Show that H 9 6. .

(b} Show that the commutator subgroup GI of G 1is fully invariant.

(¢} Show that if A is an abelian group of order pu, p prime, then
the set of elements of ovder s p in A is a fully invariant
subgroup of A.

(d) Show that if H is a minimal (non-trivisl) normal subgroup of u

finite solvable group G then Ho s elementary abelian,

i mapEA— gEErmwe . c- ke 1 cm s — ke FAEEL s mmmmma 1 2 rwhbw il - 8 mpryleirmicirmiek, i - g s Ee s
. '



S T

T i

Definc "simplc ring'. Prove that the endomorphism ring R of a
finite-dimensional vector space V over a division ring D is
simple, Discuss the converse (wherein 'is' is to be replaced by
'is isomorphic to'). (1t the converse 1s not invariably true,
give a counterexample and describe additional conditions under
whiich 1t 1s true.)

(b} Dbefine 'von Neumann regular ring'. Prove that a right Noetherian

von Neumann regular ring 1s right Artinian.,

8. Calculate the cardinalitics of the automorphism groups of the following

fields: R, €, Fi - the finite field of g = pn elements, p prime.
.k

v. {a) Find the Jordan canonical form of

f» 1 0 ol

)
P [
0 ¢ 1 1
00 -2 4

lience show that A is simllar to its transposc,
(b) Show that if V is an n-dimensionnl vector space over @  then
. . . o n-1, .
there exists a linear map A: V =+ V  such that v,A(v),...,A {v)

arc linecarly imdependent for cvery non-zero vooin V.

Would such an A Dbe possible if we replaced @ by €F



