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The Comprehensive Examination in Analysis - for Graduste

students in Pure Mathematics and Combinatorics and Optimization
TIME | Monday, May 7, 1979

Do all the questions in each section that has been selected.
Every student will do Real Analysis, Complex Analysis, and

two other topilcs.

Real Analysis

1. If £ is a differentiable function on R and
£1(0) < & < £'{1), show that there exists a real number
¢ with 0 < ¢ < 1 and f'(ec) = d.
Hint: Consider d = 0 first.

2. Suppose a, are complex numbers with ]akl < M for all

k
k = 1,2,... .+ Let

o 2
f{x,t) = ) ak@ik “sin kx.
k=1

Prove that the series canverQES'far t > 0 to a Cz

AT
",

function on {\y.,t): x ¢ R, t > 0} ‘und’gatisfies the

>
differential equation ft = fxx'

Complex Analysis
0

dx.

3. Evaluate J 4
-~ 14X

4. Let f{z) be an entire funection satisfying L f(2)]| = clz[ﬂ.

Prove that f is a pelynomial of degree less than or equal
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5. Let p(z) = 1-2242" where m 1s an integer greatem than

or equal to 3. Show that n{z)} has precisely one zero
in the disc b = {z: jz]<1}.
Hint: Apply Rouché's theorem on the a cirlce of radius

1-8 with & > 0 small,

Topology

6.a) State Urysohn's Lemma.
b) Prove it fﬂf metric spaces.
7. Let I be the product of countably many coples of the
interval [0,11 with the product topology. Let J Dbe

the same set with the metric topology giveﬁ by
v n
o ((x,), ¥y )) = ngl 2""|x -y |. Show that 1 and J

are homeomorphic,

Functional Analysis

8§ Let T be a linear map defined on a Hilbert space H
satisfying (Tx,y) = (x,Ty) for all x,y in H. Prove
that T is continuous,

o 5 g .,*;%q %

ot

9. Let %F;E,be the standard basis for .ﬂl. Show that bounded
linear aperaiars on ﬂl ave in a one to one correspondence
with bounded sequences {f } in ¢} by Te = f . Calcu-
tate ||T|| in terms of {f }. Show that 7T is the adjoint

of an operator on ¢, if and only 1if fﬂ converges to U

in the weak* topology.
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Convex Sets

0.  Let A be an n-dimensional simplex 1n L with vertices xq,xg,‘..,ﬁm*1;
b " #* . I Y, _- 5.»"“-;'1 A b, Y . _.l - 'I .i'n.{*:]a
(That is the flat of minimum dimensien centaining the X & ‘ ;))
, mumy Bill of the x. (1 = T,....8%1),
has dimension n and A& is the convex hull of the X4 (1 yaw ot
show that A consists of all points x in L for which constanis

G, 2 0 (.i = ]a-*-5m$1) &%ist ﬁu@h th&t
1

A+ n+ 1

) e Xy Yy =]
j=1 j=1

}q
i

holds.

. m - - - -
11. Let Z be a closed convex set in R and let w = (WT’WZ*“"Wm) be &
voint of R" npot in Z. Show that there exists a hyperplane which

passes through w and does not meet Z.



