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Real Analysis

1. Suppose f: [0,1]%[0,1] » R is continuous and ¢ > 0. Show that there

exists continuous functions fl"“’fh’gl""’gn from [0,1] to R
n |

such that '|f(x,y)- Z

fi(x)gi(y)l <e for all 0 < x,y <1,
1 - .

1
Use the Arzela-Ascoli theorem to.prove'that if fn: [0,1] - R is a
sequence of differentiable fﬁnctions satisfying |fﬁ(x)\+\fﬁ(x)| <1 Vx;
then it has . a uniformly convergent subsequence. Is the limit function

necessarily differentiable?

Complex Analysis

3.

4,

5.

Let f be an entire function, ;and let u(x,y) and v(x,y) be the

real and imaginary parts of f(x+iy), X,y ¢ R. Show that w(x,y) =

'(u(x,y))z - (v(x,y))z is harmonic in Rz.

a) Find the residue of £f(Z) = ;' at all singularities.
z +]
- | 00 dx’
b) Use the Residue theorem to evaluate 'IF 32 .
| - 44X

 Suppose f is nonconstant analytic in a neighbourhood of D = {z: |z| < 1}

- and that f£(z} # 0 on 5.-_Sh0w that there is a point ele so that

1£(z)] > |£(e*®)| for all |z| < 1.



Tapologz |

6.:3). Let X be a ¢0mpact topological space and let Y be Hausdorff..
Suppose f: X Y 1is continuous, 1-1, and onto. Prove that

f is a homeomorphism. .

b) Give a simple example to show that Y must be Hausdorff for this

theorem to be correct.

‘Epnctigpal_AnalzﬁiE} |

7. Let X = £§n)," the space Cn with norm of a = (al,...,an) given
A n , |

by [lall, = 1

| 1=}

Let T: X+ Y be defined by Ti = &.

| | N . n |
]ail, and let Y = ﬂgn] with norm IIa[]z = () lailzjllz.
: |

a) Use the open'mapping theorem to show that Hun,Mﬁ > 0 such that
m 1311, = 1131, < w ] 131,
b) What happens as n -+ =? Where does the proof in (a) fail for n = o
(i.e. for £1 _and 32).
8. If X is a Banach space,-&efihe the natural imbedding 1i: X » X**,
" Show that if y ¢ X**, then y ¢ i(X) if and only if y is

continuous in the weak*tupolbgy.'



