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b) Find an analytic function which gives a one-to-one map from

dx.

1. a) Evaluate /
0

U:{rei9]0<9<g,0<r<1}

onto H={z | Im z > 0}.

2. Recall that a topological space is normal if for each disjoint pair of closed sets
A and B there are disjoint open sets U,V such that A C U and B C V.

a) Show that a metric space is normal
Let X be a compact Hausdorff space

b) Show that X is normal.

c¢) Given disjoint closed subsets A, B C X, construct a continuous function
f:X —[0,1] such that f(A) = {0} and f(B) = {1}.

3. Aset BCRis called a G set if B = ﬂ U,, where each U, is open.
n=1
a) Prove that Q is not a Gy set.
b) Show that Card {A C R | A is G5} = Card (RR).

4. Let C|0, 1] denote the Banach space of continuous real valued functions on [0, 1]
with the norm || f||oc = max {|f(z)| | z € [0,1]}. Define T': C0,1] — C]0,1]
by

T(f)() =+ 5 [ eos(f(0)) dr

a) Show that these exists a unique f € C0,1] such that T'(f) = f.

b) Let T""(g) = T(T"(g)) for n = 1,2,... . Show that {T"(g) | n € IN} is
equicontinuous for each g € C[0, 1].



5. a) Show that a holomorphic function on an open domain must map open sets
onto open sets and derive the maximum modulus principle as a result.

LetD = {z | |z| < 1} , D* =D\{0}.

b) Show that if f : D — D is holomorphic with f(0) = 0, then |f'(0)] < 1
with equality iff f(z) = cz for some ¢ which |¢| = 1.

¢) Show that every holomorphic function f :D* — D is the restriction to D*
of a holomorphic function on D.

6. a) Use the axiom of choice to construct a nonmeasurable set in [0, 1].

b) Let (X, Mpu) be a measure space. A map T : X — X is called measurable
if T~'(E) € M for each E € M. T is said to be measure preserving if it
is measurable and if u(TY(F)) = u(E) for each £ € M.

Prove Poincaré’s Recurrence Theorem:

If (X, Mp) is a probability space ( i.e., u(X) = 1), T is a measure pre-
serving transformation and p(F) > 0, then almost every x € E returns to
E infinitely often under positive interations of 7.

Hint: For N > 0, let Ex = U2y T "(E), where T°(E) = E. Show that
w(Ey) = p(E,) for all n.

7. A sequence of continuous 27-periodic functions {k,} is called a summability
kernel if

(S1) % /O%k;n(t) dt = 1.

(S2) There exists an M < oo such that

1 2w
2—/ |kn ()] dt < M foralln .
7 Jo
(S3) Forevery0 <d<m

27—6

lim ko (t)| dt =0 .

n—oo 6
a) Let f be a 2m-periodic function which is monotonic on [0, 27). Prove that

. 1 2T
hm—/o kn(8)f( — 1) dt

n—o0 r

exists for each = € [0, 27).
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b) Prove that f(x) = 2—/ k. (t)f(x —t) dt almost everywhere on [0, 27).
7 Jo

8. Let M, be the o-algebra of Lebesgue measurable sets in [0, 1]. Define an equiv-
alence relation ~ on My by A ~ B iff A\(AAB) = 0 where
AAB = (AN B°) U (A°N B) is the symmetric difference and A is the Lebesgue
measure. Define p on (M)/ ~) x (My/ ~) by p([A], [B]) = AN(AAB).

a) Show that (M,/ ~ , p) is a metric space.

b) Let {A, |n € Z} C M, besuch that A,, C A, ;. Show that [A,] converges
as n — oo.

c¢) Prove that (M,/ ~ , p) is complete.



