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1. (a) State the contraction mapping principle which is also called Ba-
nach’s fixed point theorem.

(b) Suppose ,8 : [0,1] — R and v : [0,1] — [0,1] are given con-
~ tinuous functions and [B(z)| < 1 for all 2 € [0,1]. Prove that
there is a unique continuous function f : [0,1] — R such that

- f(z) = a(z) + B(z) f(y(z)) for all =z € [0, 1].

2. Suppose {fn.}>, is a sequence of Lebesgue measurable functions from
0,1 to R, M > 0and,foralln €N, [fa(t)| < M fora.e t€]0,1]
Let ga(z) = f5 fa(t)dt for 0 <z <1landn €N.

(a) Prove that g, is continuous for every n € N.

~ (b) Prove that some subsequence of {gn}., is uniformly convergent.

- 3. (a) Prove that an open, connected subset of a real normed linear space
is path connected.

(b) What does it mean to say that an open subset of C is simply
connected?

(c) State the Riemann mapping theorem.
(d) Find an analytic bijection of

U:={z€C:Rez>0 and Imz > 0} onto
D:={zecC:|z|<1}.
(e) Prove that there is no analytic bijection of D onto C.

4. Suppose f is an analytic function on D := {2z € C : |z] < 1}
with |f(z)| < 2 |z|? for all z € D. Show that actually [f(2)] < 2 |2|?
for all z € D.

5. (a) Suppose 0 S a<1<f8, A={z€C:a<|z|<B},f:A—C
is analytic and g(t) = f(e*) for ¢ € R. Explain how to obtain the
Fourier series of g from the Laurent expansion of f. What can be
said concerning the convergence of the Fourier series of g?



(b) Find the Fourier series of g if

3
) = ————r .
g() 5 — 4 cost for ¢ € R

6. Let f : R — R be Lebesgue integrable on R.
For z € Rlet fo(t) = f(z +¢) for t € R. Prove that

lin% |fa = f {ls = 0. Hint: Consider that case in which f is continuous
o
and has compact support.

Answer one of the following two questions.

7. (a) State Fatou's lemma.

(b) Show that, for each n & R {f e L'[0, 1] Iy 1f(=))Pde < n} is
closed and has empty interior in L1[0, 1.

(¢c) Prove that L?[0,1] < L'[0,1].
(d) (i) Define “first category”.
(ii) Prove that L2[0,1] is of first category in L]0, 1].

8. Show that o
/' e~ /2 N S A2

for A > 0 by considering
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where vg is the positively oriented rectan gle with vertices B, R + i),
—=R+1i) and -R. Hint: [® e /¢t = ﬁ/'zar"f. -

Answer _one of the following two questions.

9. (a) Use the axiom of choice (or an equivalent statement) to prove that
every vector space has a basis (in the algebraic sense).

(b) Give an example (without proof) of a compact Hausdorff space
which is not metrizable.

10. Prove that the closed unit ball of a Hilbert space, H is compact if and
only if A is finite dimensional.



